BC EXAM SOLUTIONS
Texas A&M High School Math Contest
October 20 2018

Directions: All answers must be simplified, and if units are involved, include them in your answer.

1. Two distinct polynomials 2 + ax + b and 2% + bz + a share a linear factor. Find a + b.
Answer. a+b=—1

Solution. Let z — v be the common factor. Then z = 7 is a common root of those two polynomials. This

yields

Y¥4+ay+b=0 and A2 +by+a=0. (1)
Subtracting these, we get

(a—b)y+b—a=0=(a—b)(y—1)=0 (2)
Since the polynomials are distinct, we get a # b and thus (2) implies v = 1. Plugging this into (1) we have

a+b=—1.

2. The figure below suggests how to stack n? equal circles and wrap a wire around them. What is the length
of the shortest wire that wraps around a stack of 2025 circles of radius 1?7

Answer. 352 + 27

Solution. Since 2025 = 452, we have a square of 45 circles by 45 circles. The four round corners form a
circle, which gives us 27 for the length of wire. The distance between the two outer circles on each side is
2 (45 —1). Thus the length of the wire is

4.2 (45 — 1) + 27 = 352 + 2.

3. In an equilateral triangle AABC, segments AA;, BB; and CC} are equal segments. If Z/B1C1C is a right
angle, find the ratio of the area of AA;B1C] to the area of AABC.
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Solution. The triangle ACC; B is a right triangle with ZC = 60°. Thus if C1C = a then CB; = 2a and
B1C1 = v/3a (You may think of the right half of an equilateral triangle with side length 2). Since it can be



shown that all three smaller triangles involving (i.e., containing as the vertices) the points A;, By and C
are congruent we have

B,Cy BCy V3a V3

AC ~ AC,+C.C  2a+a 3

2
3 1
So the ratio of the area of AA;B1Cy to the area of AABC' is ({) =3
. The triangle PAB is formed by three tangents to a circle centered at the point O and ZAPB = 40°. Find
ZAOB.

Answer. ZAOB = 70°

Solution. The sum of all angles of the quadrilateral PT'OR is 360°. Since /T and ZR are right angles and
/P =40°, we get that ZTOR = 140°. Now OA and OB are the bisectors of ZSOT and ZSOR respectively.
It follows that ZAOB = $/TOR = 70°.

. A function f satisfies the following conditions for all positive integers n.

f@n)=f(n),  fn+1)=fn)+1,  f(1)=1
Find the smallest n such that f(n) = 7.
Answer. n = 127.

Solution. Observe that f(n) is the sum of the digits in the base 2 expansion of n. It follows that the
smallest n with f(n) = 7 is the number 11111119, which is 127 in base 10.

. From a two digit number N we subtract the number with the digits reversed and find that the result is a
positive cube. Find all possible N.

Answer. N = 30,41, 52, 63, 74, 85, 96.
Solution. Let N = 10t 4+ u for some decimal digits ¢ and u. Then we have
10t +u — (10u +t) = 9(t — u).
Since t —u < 9 we see that 9(t — u) < 81. The only possible two digit cubes are
1,8,27, 64.

The only number which is divisible by 9 is 27, which implies 9(¢ — u) = 27. Since ¢t = u + 3, the number N
must be of the form N = 11u + 30, where 10 < N < 99. So 10 < 11u 4+ 30 < 99. This yields that 0 < u < 6.

Hence N must be one of
30,41,52,63,74, 85, 96.



7. A point F' is taken on the extension of side AD of a parallelogram ABCD as shown below. The segment
BF intersects diagonal AC at E and the side DC at G. If EF = 32 and GF = 24, find BE.

F
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Answer. BE =16
Solution. Let BE =z, DG =y, and AB = b. Since ABEA ~ AGEC,

§:b—7y7 b_y:§b7 y:b_ib:b(x—S).
x b x T T
Since AFDG ~ ABCG,
24 Yy 24 b(x—8) x-8

z+8 by’ $+8:$~(8b/$) 8
Therefore 22 — 64 = 192 or x = 16.

8. Consider a rectangle ABC'D with AB = 3 and BC = 4. Reflect the right triangle ABCD along the
diagonal BD to obtain a right triangle ABDEFE, and then rotate ABCD about the vertex B to obtain a
right triangle ABGF'. Let points H, I and J be the intersections between segments as below. Find the area
of a quadrilateral EJIH.

49
Answer. The area is TR

Solution. Since ABCD =2 ABED = ABGF,

BD=BF =5 ED=3, BE=BG=4, EF=DG=DBD-BG=1.



In addition, AJED = AJAB, which implies that JD = AD — AJ =4 — EJ. By the Pythagorean theorem
EJ?+ ED? = JD?, or
EJ?+3%=@4—-EJ)~

2
Therefore, EJ = AJ = g SoJD =4—-AJ = §5 Let h denote the height of a right triangle AEJD with

the base JD. Then we have
_EJ-ED 7/8-3 21

h = =,
JD 25/8 25

The similarity between ABCD and AHGD implies that

DH 5 5
Za 0 DH = 2.
G 3 & 3

If A/ is the height of ATDH with the base ID then,

DH _ N ., 5/3:21/25 21

DE ~ h 3 T 45
Since ADGI is similar to ABCD,

Thus the desired area becomes

7 o 21 147 49
8 4 45

1
Area(EJIH) = Area(AEJD) — Area(AIDH) = B < 3—=-— | = T4 = 18"

1
9. If z = V3 — V8, ﬁndx7—|—?.

1
Answer. 27+ — = 338v/2
X

Solution. By rewriting \/3 —V8= \/3 —2V/2 = (\/5 —1)2 we have z = V2 — 1. We also have

1
V2 -1
1

1 2
x2+2=<””+> -2=(2v2)’ -2=6,
x X

1

T+ - =vV2-1+
T

5 1 1\* 1 s

g =(r+—) 3w+ = (2v2)% —3-2v2 =102,
T

4 1 _ 2 1 ? — 34

So the given expression becomes

1 1 1 1
== (P ) (2t + =) = (2+ =) =340v2 — 2v2 = 338V2.

10. Find the number of all possible solutions of the equation zyz = 8000 when z, y and z are positive integers.

Answer. 280



11.

Solution. Since 8000 = 2653 we may assume
r =25 y=2b5° z=2°5
for some non-negative integers a, b, c,d, e, f. Thus
gatbie sdtetf _ o — 8000 = 2653,
We need to find the number of 6-tuples (a,b,c,d, e, ) with
a+b+c=6, d+e+ f=3.

Observe that, for any integer a with 0 < a < 6, there exist 7 — a pairs (b, ¢) such that b+ ¢ = 6 — a. The
number of triples (a, b, c) with a +b+c¢ =6 is

6
D(T—a)=T+6+5+4+3+2+1=28
a=0

Similarly, the number of triples (d, e, f) with d+e+ f =3 is

3
d(d-d)=4+3+2+1=10
d=

o

Since we can choose such triples (a, b, c) and (d, e, f) independently the number of solutions is 28 x 10 = 280.
Let n be a three digit positive integer. Define a function f(n) by
f(n) = (the sum of the digits of n) 4+ (the sum of the products of two digits of n) + (the product of the digits of n).
For example, if n = 234,

fm)=24+3+4)+(2-3+3-44+4-2)+(2-3-4).
Find all possible three digit positive integers n such that f(n) = n.
Answer. n = 199,299, 399,499, 599, 699, 799, 899, 999.

Solution. We can write n as
n = 100a + 10b + ¢,

where 1 <a<9,0<b,¢c<9. Then
f(n)=a+b+c+ab+bc+ac+abc=(1+a)(l+b)(1+c) —1.
Thus we have
100a +10b+c=(1+a)(14+b)(14+¢c)—1 or 100a+10b+c=a(l4+b)(14+¢c)+b+c+bc
We read the above as a linear expression in a and write
(100 — (1 +b)(1 +¢))a = b(c—9).
Since (100 — (1 +b)(1 +¢))a > 0 and b(c — 9) < 0 we have
(100 — (1 +b)(1+¢))a = b(c—9) = 0.
This implies ¢ = 9 and then b = 9 because a # 0. So
n=100a+90+9=(14+a)(1+9)(1+9)—1.
And since 1 < a <9, the desired integers are

n =199, 299, 399, 499, 599, 699, 799, 899, 999.
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Three radars are spaced 6, 8, and 10 miles from each other on the ground, which is assumed to be horizontal.
The radars spot an airplane at a distance of 13 miles at the same time. What is the elevation of the airplane?

Answer. 12 miles.

Solution. Note that (6,8, 10) is a Pythagorean triple since 10? = 62482, This means that the location of the
radars form a right triangle on the ground, and since the airplane is equidistant from the radars, it must be
right above the intersection of the three perpendicular side bisectors of the triangle on the ground, which for
a right triangle is at the middle point of its hypotenuse, call it H. If the location of the airplane is called P,
then PH is perpendicular to the ground, and Pythagorean theorem implies that PH = /132 — (10/2)2 = 12.

Find all integer solutions (z,y) of the equation 1522 — 5xy — 162 + Ty + 6 = 0.
Answer. (4,14)

Solution. We factor the given equation as follows.

152% — by — 162+ Ty +6 =0
=5x(3z —y) —5B8x —y) —xz+2y+6=0
=0Bx —y)(5x —6)— Bx—y)+5r+6=0
~Br—y+1)(Br—T)+13=0

S5x(3z —y) — 162+ Ty +6 =10
Bx—y)bzr—5)—Br—y)+2x+y+6=0
3z —y)(5x —7) + 52 —7T+13=0
Bzr—y+1)(bx—T7)=-13

R

Since we are looking for integer solutions and 5x — 7 # +1 for all integers z, we conclude that 5x —7 = +13.
Consequently = 4. Thus we have (12 —y +1)13 = =13 or y = 14.

Let AB be a diameter of a circle. A point C' is chosen on the extension of AB beyond B. Points D and F
are chosen on the circle so that BC = BD and EA = EC. Find the ratio BC : EC if CD is tangent to the

circle.
NN

D

Answer. BC : EC =1:/3

Solution. Let O be the center of the circle. Draw a line segment AD to have a right triangle AABD.
Note that ABDC and AEAC are isosceles triangles. Also AOAD is an isosceles. Let ZOCE = « and
/Z0CD = B. Then we have ZOAE = «. Since Z0DC = 90°,

/BDC = /0DA = /Z0AD = §.
Considering complement angles and supplementary angles we can show that
ZAOD =180° — 28, ZDOC =90° —j

and that
(180° —28) + (90° — B) = 180° or B = 30°.



15.

16.

Consequently AODB is an equilateral triangle and so OA = OD = OB = BD = BC. Thus AOAD =
ABDC. In particular, AD = DC.

Next draw a line segment DF to have AADE =2 ACDE. This congruence implies that DF bisects ZADC =

/ZAOD
120°. Now ZAED is the inscribed angle determined by an arc AD, and so ZAED = = 60°.
Therefore /ZEAD = 60° and so AADE is also an equilateral triangle.

The answer follows from AD = DC = EC;

BC :EC =BD:AD =1:3.

Given a natural number n, four students A, B, C, and D claimed the following.

A: 20 <n < 50.
B: n is a divisor of 120.
C: n has 8 divisors (natural numbers)

D: n is a multiple of 12.

If one and only one student made a false statement, who is it?
Answer. D

Solution. First consider the case when C' and D are both true. The only multiple n of 12 = 22 - 3 with 8
divisors is n = 23 -3 = 24. However n # 24 as then all four are true. We see that either C' or D is false.
There are three integers n = 24, 30,40 which satisfy both A and B. Since n # 24, we have n = 30,40. For
each of those numbers we see that D is false.

A line /¢ bisects both of the perimeter and the area of a right triangle AABC' as in the picture below. Find
AQ if AB=3, BC =4.

A

Q l
P
B c

Answer. AQ =3+ \26

Solution. Let AP = y and AQ = z. Since the line bisects the perimeter of AABC we see that x +y =

4
w = 6. Let h be the height of AAPQ with the base AP. Then we have

r:5=h:4 or h:%.

The area of AAPQ is 3 because it is the half of the area of AABC, and so

yh 1 ( dz\ _2Zzy
2 205 )T 5 T
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Solving the system of equations x +y = 6 and zy = 5 we have

1
:1:(6—3:):?5 or 2x? — 12z +15=0.
Thus we have
6+6 V6
T = 5 :3:|:7.

Ifax=3- \éé then y = ?)-F\é6 > 3 = AB, which is impossible. So AQ =3+ \éé

222 + Tzy + 6y = 12

17. Find all pairs (z,y) satisfying the system
pairs (z,y) satisfying the sy {7932 4 202y + 14y = 23.

Answer. (—1,2) and (1,-2)
Solution. The left hand side of the first equation has a factoring;
222 4+ Txy + 6y° = 12 & (z + 2y)(2z + 3y) = 12.
By substituting « + 2y = v and 2x + 3y = v, we can rewrite the second equation as
7% + 20zy + 14y% = 23 < 202 — u? = 23.

=12 12
UUQ Eliminating ©u = — we have
v

The given system can be written as 9
0% —u* = 23.

2
22 — <12> =23 = 2% — 2302 — 144 =0 = (20 + 9)(v® — 16) = 0.
v

So v = +4 and thus (u,v) = (3,4) or (—3,—4). This implies

x+2y=3 r4+2y=-3
or
20+ 3y =4 2z 4+ 3y = —4.

or

18. Let A and B be two positive integers and let

The system has the solution

A+B=C
B+C=D
C+D=FE
L+M=N
X+Y =72



19.

Find Gif A+ B+C+---+J =990.
Answer. G = 90.

Solution. With parameters A = s and B = ¢ we can write

A = s

B =

c = +

D = S + 2t
E = 2s + 3t
F = 3s + bt
G = bs + 8
H = 8s + 13t
I = 13s + 21t
J = 21s + 34t

Adding up the above, we have
A+ B+---+J=>5bs+ 88t =11(5s + 8t) = 990.
Thus G = 5s 4+ 8t = 90.

An isosceles AABC' is made out of 3 smaller isosceles AAED, ANEBD, and ABCD with AE = AD,
ED =EB, BD = BC, and AB = AC. Find the area of ABCD if the area of ANABC is 1.

A

Answer. The area is

Solution.

Let /BCD = « and Z/BDE = . Then ZCBD = —2a, ZAED = 23, and ZADE =7 — (o + 3). Since
AADE and AABC' are isosceles,

20=m—(a+p) m—2a+p=a.

2
So we have a = g and 8 = g This means that ADAB is an isosceles because /BAD =7 — 2a = % = 0.

Let AD = x and DC = y. Observe that two triangles AABC and ABCD are similar. So we have

AC:BC=(z+vy):z=x:y.

Since the area of AABC is 1, the area of ABCD is the square of the ratio T Y To find the ratio we
Tty

rewrite it as
r+y

- 147
Yy T T

<




20.

_—1++5

Setting X = Y we have X >0 and X2+ X — 1 = 0, which implies X = J_ . Therefore the area
T T

2
3-V5

of ABCD is X2 = 5

A triangle has sides 22 +z + 1, 2z + 1 and 2? — 1. Find the largest interior angle of the triangle.
Answer. 120° or 2%

Solution. All three sides have positive lengths; 2o +1 > 0 and 22 — 1 > 0. So we have > 1. Since
P tr+l1-2e+)=x(x-1)>0, 22+z+1—-(z2-1)=24+2>0

we see that the longest side has the length x? + x + 1. Let 6 be the angle opposite to it. Then by the Law
of Cosine we get
Rz +1)?+ (2> -1 - (e +2+1)* —-Qz+1)@*-1) 1

cost = 202z + 1)(22 — 1) T 22t D)(2-1) 2

Therefore § = 120°.

10



