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Type D ASEP

Type D ASEP (asymmetric simple exclusion process):
There are two classes of particles (class 1 and class 2).

At most two particles can occupy a site, and they must be of
different classes

Particles drift left at a different rate than it drifts to the right

There are three parameters (q, n, d)
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Transition Matrices

Definition

The transition matrices of a Markov process X; are matrices P(t) with
rows and columns indexed by the state space X with transition
probabilities:

Pxy(t,5) = P(Xore = y|Xs = )
If pyy (t,s) does not depend on s, we say X; is time-homogeneous and
write pyy(t)

Example

Transition matrix of simple random walk:

ALY

Il
NIEF O O© ONI- O
O O ONI= ONI=
O ONI= ONI= O
ONI= ONIR O O
NI ONIE O O O
oN= O O ONI=
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Lie algebras

A Lie algebra is a complex vector space g along with a bracket
operation [-,-]: g X g — g such that the following hold:

m [X,Y]=—[Y, X] (skew-symmetry)
m [X,aY + bZ] = a[X, Y] + b[X, Z] (bilinearity)
m [(X,[Y,Z]| +[Z,[X, Y]] +[Y,[Z,X]] =0 (Jacobi’s identity)
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Lie algebras

A Lie algebra is a complex vector space g along with a bracket
operation [-,-]: g X g — g such that the following hold:

m [X,Y]=—[Y, X] (skew-symmetry)
m [X,aY + bZ] = a[X, Y] + b[X, Z] (bilinearity)
m [(X,[Y,Z]| +[Z,[X, Y]] +[Y,[Z,X]] =0 (Jacobi’s identity)

Example

The special orthogonal Lie algebra is the space of 2n x 2n block complex
matrices

0o = {<é iT) AB, Ce M”X”((C)a B= —BT7 C= _CT}

with bracket [X, Y] = XY — YX.
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Weights and roots

Main idea: Weights are generalized versions of eigenvalues. A weight
space is like an eigenspace.

A representation is a way of assigning how each element in so;, acts on
vectors. So weights and weight spaces depend on which representation
we are talking about.

Important representations

m Fundamental representation
m Weights are called fundamental weights, denoted p or A
m Elements of the weight space are denoted v, or vy

m Adjoint representation

m Weights are called roots and denoted +a«
m Half of these roots are designated to be “positive”
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Weights and roots

Let L; be the function sending a matrix to its /-th diagonal entry. Then
the fundamental weights and roots for so,, are

,u::I:L, Oé::l:L,':i:Lj
for1<i<j<n.
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Universal enveloping algebras

In a Lie algebra g, you cannot multiply elements; you can only bracket
them.

We want to allow multiplication as well as the Lie bracket, so we embed
into a new space called the universal enveloping algebra U{(g).
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Universal enveloping algebras

In a Lie algebra g, you cannot multiply elements; you can only bracket
them.

We want to allow multiplication as well as the Lie bracket, so we embed
into a new space called the universal enveloping algebra U{(g).

U(s02,) is generated by matrices E;, F;, H; (1 < i < n), with certain
relationships between them. For example, for n = 2:

01 0 0 0 00 O 1 0 0 O
00 0 O 0 00 O 0 -1 0 0
E=1o00 0o o/'”=l0o 10 0]"'"=|0 0 -1 0
00 -1 0 -1 0 0 0 0 0 0 1
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Quantum groups

The objects we are actually studying are “g-deformed” versions of these
universal enveloping algebras, called the quantum group U, (g). Here,
g > 0 is a parameter that will end up having significance on the
probability side.
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Quantum groups

The objects we are actually studying are “g-deformed” versions of these
universal enveloping algebras, called the quantum group U, (g). Here,
g > 0 is a parameter that will end up having significance on the
probability side.

Example

Uy(s02,) is generated by E;, F;, g™ (1 < i < n), with g-deformed
relationships between them. For example:
H; —H;
gt — g=H
[ Fil = ——— =~
q9—4q
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Quantum groups

The quantum group Uy(s02,) also has a coproduct

A Uq(502,) — Ug(5025) ® Ug(s02,) which will allow us translate
between algebra and probability.

Example

The coproducts of the generators are

A(E) = E®1+q"QE;, A(F)=10F+Feq ™, A(™)=q"eqd™.
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Problem: Computing a central element for U,(s010)

During the 2020 REU, students computed central elements for U (s06)
and Uy(sog) and constructed the associated Markov processes.

Used Python to compute a central element for Uy(s010)

Created the associated generator matrix for the Markov
process

Verified that our matrix generated a Type D ASEP as
conjectured

Extended a Duality result about the Type D ASEP from
[BBKUZ22]
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The Last Great American Dynasty: A Central

Element of U,(s010)
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Motivating formula

We use the following lemma from [Kual6], which was based on [Jan95].

Lemma

For each fundamental weight i, let v,, be a vector in its weight space.
Given weights (1 > X, suppose e, sends vy to v, and fy, sends v, to vy.
If e:;)\, f/\“"M are their g-pairing dual elements, and p is half the sum of the
positive roots of 50;,, then

Z q(*2p,u)qH_zu + Z q(u*A»u)q(*2p-,u)e;/\qH—u—A f/\*u
Iz H>A

is a central element of Ug(s02,).
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Weights and roots

For each fundamental weight 1., let v, be a vector in its weight
space. Given weights u > A, suppose e, sends vy to v, and f, sends
v, tovy. If ey, ;u are their q-pairing dual elements, and p is half the

i
sum of the positive roots of so,,, then

Z g2 gH-2u 4 Z q(H*A,IJ«)q(*2p,#«)e:>\qH—u,—>\ £
v u>A

is a central element of Ug(s02,).
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Easy terms

For each fundamental weight i, let v,, be a vector in its weight space.
Given Weights i > X, suppose e, sends vy to v, and fy, sends v, to vy.
If ey, \ are their g-pairing dual elements, and p is half the sum of the

1%
positive roots of s0;,, then

—2 H . (=X, —2p,p) px  H_p, *
E q Ps1L) 2 +§ q; u p“)ew\q / /\f)\u
u>A

is a central element of Ug(s02,).
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Easy terms

Z q(*2p-u)qH72“ + Z q(uf/\-,u)q(f2p=ﬂ)e;/\quﬂ f;u
iz n>A

m (—2p,p) and (p — A, p) are just the usual dot product, so these
terms are just powers of g, which are easy to compute

m g2 and g"-»—* are just products of g*H
compute

, which are also easy to
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Ordering the weights

Lemma

For each fundamental weight i, let v,, be a vector in its weight space.
Given weights (1 > A, suppose e, sends vy to v, and f, sends v, to vy.
If e\, 1\, are their q-pairing dual elements, and p is half the sum of the

positive roots of s05,, then

-2 H—2p A —2p,) % H_ s g
E:q p,1)q —|—§:q“ u p”)eu)\q “Afhu
n>A

is a central element of Ug(s02,).
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Ordering the weights

We order the weights by
Liy>-->L, 1>l =—L,>—L, 1> >—L;.

We can visualize this as (for n = 4):

® ® @ (w (& @
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€u and f)\N

Lemma

For each fundamental weight i, let v,, be a vector in its weight space.
Given weights > X, suppose e, sends vy to v, and f, sends v, to
V. If € fA*H are their g-pairing dual elements, and p is half the sum of
the positive roots of 05, then

-2 H—2p A —2p,) % H_ s g
E:q p,1)q —|—§:q“ u p”)eu)\q “Afhu
n>A

is a central element of Ug(s02,).
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€u and f)\“

The E; and F; act on weight spaces in the following way:

E; E
R~ R
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€u and f)\“

E; E>
R R

Example
Consider p = Ly, A = —Ls.

m e, 4, sends v_;, to v, so

er,, 15 = (B2)(Es)(—Ea)

mf_,, sends v, to v_g,, so

f-1s,, = (Fa)(F3)(F2)
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g-pairing

Lemma

For each fundamental weight i, let v,, be a vector in its weight space.
Given weights (1 > X, suppose e, sends vy to v, and f, sends v, to vy.
If e\, 1\, are their q-pairing dual elements, and p is half the sum of the
positive roots of s05,, then

-2 H—2p A —2p,) % H_ s g
E:q p,1)q —|—§:q“ u p”)eu)\q “Afhu
n>A

is a central element of Ug(s02,).
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g-pairing

We have a “g-deformed pairing” (-, -) which acts as follows:

(product of F;'s and g=H" *Hivg)

s, product of E;'s and g = rational function in g

These can be computed inductively on the number of terms.
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Dual elements

Lemma

For each fundamental weight i, let v,, be a vector in its weight space.
Given weights (1 > X, suppose e, sends vy to v, and f, sends v, to vy.
If R f/\*y are their q-pairing dual elements, and p is half the sum of
the positive roots of s05,, then

Z q —2p,p1)q"—2u + Z q (=X u —2p:1) g )\qH—u—/\ fA*u
n>A

is a central element of Ug(s02,).
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Dual elements

Say we want to find the dual element to f_y, ;, = F4F3F» = Fs32. (Note:
we often abbreviate F,FpF. as Fapc.)
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Dual elements

Say we want to find the dual element to f_y, ;, = F4F3F» = Fs32. (Note:
we often abbreviate F,FpF. as Fapc.)

Step 1: Find all permutations of the index set {4,3,2}:

Fas2, Fao3, Fo3a, Foas, F324, F342
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Dual elements

Say we want to find the dual element to f_y, ;, = F4F3F» = Fs32. (Note:
we often abbreviate F,FpF. as Fapc.)

Step 1: Find all permutations of the index set {4,3,2}:

Fas2, Fao3, Fo3a, Foas, F324, F342

Step 2: Many of these could be linearly dependent due to the
relationships between the F;. Find a basis that is linearly independent:

Fa32, Fa23, F324, F243

Call these f1, >, f3, fy.
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Dual elements

Step 3: Make a corresponding basis of products of E;’s:

Eu3o, E423, E3na, o3

Call these ey, e, €3, &4.
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Dual elements

Step 3: Make a corresponding basis of products of E;’s:

Eu3o, E423, E3na, o3

Call these ey, e, €3, &4.
Step 4: Form a matrix M of g-pairings by M;; = (f;, ¢;):

1 1/q 1/q q°?
/g 1 q% 1/q
/g g2 1 1/q
g? 1/q 1/qg 1

M=(qg—q )73
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Dual elements

Step 5: Invert the matrix:

® -9 —q 1
2 1 —q
-9 1 ¢ —q
1 —q —q ¢
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Dual elements

Step 5: Invert the matrix:

q° -9 —q 1

_ _ — 1 —gq
ML= (g_qg? q q

(q q ) —q 1 q2 —q

1 —q —q ¢

Step 6: Read off the row corresponding to the element we're interested
in. We want f;*, so we use the first row:

' =(q—q ) (g°e1 — qe2 — ges + &)
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Summary

Lemma

For each fundamental weight i, let v,, be a vector in its weight space.
Given weights (1 > X, suppose e, sends vy to v, and f, sends v, to vy.
If e\, 1\, are their q-pairing dual elements, and p is half the sum of the
positive roots of s05,, then

-2 H—2p A —2p,) % H_ s g
E:q p,1)q —|—§:q“ u p”)eu)\q “Afhu
n>A

is a central element of Ug(s02,).



Central Element
0000000000000 0000e000000000000

The Central Element of U (s010)

Computing the Central Element

m We began by coding the described method (a large amount of the
code comes from [KLLPZ20]).

m It is difficult to symbolically find the determinant or inverse of large
matrices
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Uq(s010) Numerically

The Process:
Plug in a value for q
Determine the bases for the dual elements
Determine the dual elements in terms of q

Example (q = 10)

10000F15354 — 1000F12435 — 1000F15534 + 100F12543 — 1000F13054 +
100F14325 + 100F5324 — 10F154320 — 1000F21354 + 100F21435 + 100F21534 —
10F21543 + 100F32154 — 10F43215 — 10F53214 + Fs4321
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Central Element

First, for ease of reading we set some notational shortcuts following the
convention in [KLLPZ20]. Set r = q — %, and let K; = g

Theorem
The following element is in the center of Uq(s010):

8 6 4 2 -1 =i 14,1 1,1 1,1 14—1
9 K11203345 + 4 K223345 + 0 K33g5 + " Kgs + Ky K =+ K, T Kg + qu45 + q7K3345 + 25 Kyn33a5 qTK11223345

2 _ 2
+ LRk e +3 (qF34 Fa3)Kyg ' (aEa3 — Esa) + 3 3%55 5
2 (2Fas — aFogs — aF: F, —L(q2E43p — qE3sp — gE. E,
+ 5(4 234 — 9F243 — F324 + Fa32)K, 30 (4" Eaz2 — aE3a2 — 9Ea23 + Ep3a)
b 2 (qFy3 — Fap)K ok (aE3p — Eng) + Bk 2l £y + 2 Ay D=L (A |
g5 123 T T32/7934519532 T R23/ T (5 727033452 T 7Y 71 [12351 2
2
+ %(q F123 — aF132 — aF13 + F321)K12345(q E3p1 — qE31 — ab312 + E123)
2 _ _
+ 7(‘7”12 F21)K123345(q521 — Ep2) + :7”1’(122334551 —ar ()K1234()
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2,2 P
— ar"(q” Fs3p — aF352 — aF523 + F235)K234(a" Exzs — aEps3 — aE35 + Es32)

2,2 2
ar”(a”Fs32 — aF352 — qF523 + F235)K234(a" E235 — qE253 — qE3ps + Es32)

2 2 4 2
ar*(afs3 — F35)K34(aE3s — Es3) — ar"FsKabs — r FyaEsy — o

1N}

2 2 =il
5 (a"Fas3 — aFa3s — aF534 + F345)K3(a" E3sa — qFa3s — qFs3q + Esa3) — ‘7 FsK, " Es

2 2
(—aF3435 — aF5343 + (¢° + 1)F3543)(—aE3435 — 9E5343 + (a° + 1)E3543) —

e Directions
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e Directions

72 52 52
Da’ r"F1Ki223345E1 + a”r”(aF21 — F12)K123345(9F12 — Ep1) + @7 r" FaKo3345 62

32 2 2
+q7r°(a"F31 — aFp31 — aF312 + F123)K12345(9" E123 — 132 — aE213 + E321)

32 32 2
+ a7 r"(aF32 — F23)Ko34s5(qEp3 — E3p) + a7 r" F3KaasE3 + ar

2,2 2
+ar"(a"Faz2 — aF342 — aFa23 + F234)Ko35(a" E3a — qEpa3 — aE324 + E432)

2 2
+ ar”(aFa3 — F34)K3s5(aE3a — Ea3) + ar” F4KsEs,



Central Element
0000000000000 0000O00000e0000000

Central Element

A1
A2
A3
Ay

As

As

A7

Ag

4

3
9 F1234 —
3
9 Ea321 —
3
9" Fs5321 —

3
9 E1235 —

2
9" F1243
2
9" E3421
2
9" F3521

2
9" E1253

2 2

9"F1324 — 9" F2134 + aF1432 + aF2143 + aF3214 — Fy301
2 2

9" E4231 — G Ea312 + 9E2341 + 9E3412 + 94123 — E1234
2 2

9" F5231 — 9" Fs312 + F2351 + 9F3512 + aF5123 — F1235

2 2
9" E1325 — q" Ep135 + 9E1532 + 9E2153 + 93215 — Es321

4 3 3 3 3 2 2 2
9 F45321 — a4 F43501 — 9" F45231 — 9" Fa5312 — 9" F53421 + 6 F34521 + " Fa2351 + " Fazs12

2 2 2
9" F45123 + 9" F52341 + a4 F53412 — aF23451 — aF34512 — aFa1235 — aF51234 + F12345

4 3 3 3 3 2 2 2
9" E12354 — 9" E12435 — 9" E12534 — 9 E13254 — 9" E21354 + 9" E12543 + 9" E14325 + 97 E15324

2 2 2
+ 9" E21435 + 9" E21534 + 9" E32154 — 9E15432 — 9E21543 — 9E43215 — 9E53214 + E54321

3 2 2 2
9 F4532 — q"Fa352 — " Fa523 — 9" F5342 + aF3452 + aFa235 + aF5234 — Fa3as

3 2 2 2
9" Ep354 — q"Epa35 — 9" E2s534 — q” E354 + qEp543 + 9E4325 + 95324 — Esa32,

Futu

Directi
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Ag = q*Faus3p — (6° — 9)F3s3a2 — (¢° — a)Fass3z + 92 Faa03s + a°Fasoas + 4° Fazso3
+q°F3423 — 9F32345 — 9Fa3a3s — Fas323 — AFs3234 + F23453 + (—° — 0)F34503
A10 = 4" Ex3s43 — 0°Ea3azs — 9 Eas3a3 + 9°Eaoass + a° Ezpsaa + 9 Eazps3 + o° Es3243
— E34325 — 9F53432 + E3s432 + (—4° — 9)E32543
A1L = 0°F3s4321 — 9" Fs4312 — (a* — ¢°)F3a3s01 — (4" — °)F53a321 + 9> Faaz3s1 + 9° Fas23a1
+ 4 Fagsosn + 9 Fs34231 — 9 Faossal — 9 Faa1235 — 9° Fas1234 — - Fazass1 — 9° Fa3s123
— o Fsgo341 — 9 Fs3a123 — 9° Fsasas1 + 9235431 + 9F312354 + 9Fa31235 + 9F531034
+ aFsa3123 + (6° — A)Faa3s12 + (6° — )Fs34312 + (4 + a)F3sa103 + (—a° — a°)F3sa231 — Fi23sa3
A1z = 6°E123543 — 0" E123435 — 0 E125343 — 4 E213543 + 9 E132435 + 9 E132534 + 0 E143253
+ ¢ E153243 + 4° 213435 + 9> E215343 — 9°E134325 — 9°E153432 — 9°Ea21435 — 9°Eao1534 — 9 Eazls3

2 3 4 2
— 9" Es32143 + 9E135432 + 9E343215 + 9E534321 + (97 + 9)E321543 + (= — q7)E132543 — E354321,
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Central Element

Futu

Directi

and,

2 2 2 2 2 3
A13 = " F235234 + 9" F243523 — 9" F223543 + 9" F324352 + 9" F532432 + (—a” — q)F234352
3 3 4. 2
+(=9" — 9)F253432 + (=9~ — 9)F325432 + (9" + q° + 1)Fo35432
Ala = ¢°E; 2E 2E, 2E 2k 3 E
14 = 9" E235234 + 9" E243523 — 9" E223543 + 9" E324352 + 9 E532432 + (—a° — 9)Ep34352
3 3 4, 2
+(=9q" — q)E53432 + (=0~ — q)E3p5432 + (4" + q° + 1)En35432,
Ars = q*F. 3F, 3F, 2F, 2F 2F, 2F
15 = 4 F23543 — 97 F23435 — 97 F25343 + 9" F32435 + 97 F32534 + " Fa3253 + 9" F53243
3
— aF34325 — aFs53432 + F35432 + (—9° — a)F32543
Ag = ¢ E 3 E 3 E 2E. 2E. 2E, 2
16 = 9 E3as32 — (47 — 9)E35342 — (47 — 9)Ea3532 + " E34235 + 0" E35234 + " E43503 + q” E53423
3
— 9E32345 — qE43235 — 9Ea5323 — dE53234 + Ep3453 + (=97 — 9)E34523
3 2 2 2
A17 = 9 F2354 — 9" F2435 — q" Fo534 — 4" F3254 + 9F2543 + aF4325 + qF5324 — F5432

3 2 2 2
A1g = 9 Eas32 — " E4350 — 9" Ea523 — 9" Es5342 + 93452 + E4235 + qE5234 — Ep3ss
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A1g = ¢®Fassa321 + 0" Fazazs1z + 4 Fasaaare + (a1 — 0°)Fazszzar + (4" — 4%)Faazsaat
— (a* — ) Fao35a31 + (4" — ¢®)F3oazsor + (a° — aP)Fs304301 — 9 Fsa1235 — 9 Fass1234
— ¢ Faa3s103 — 9 Fasaa123 — 9 Fazassiz — 9> Fazsaar2 — 9°Faszssiz — 0 Fs32a312 + 9 Fa31oasa
+ 4° Fo431035 + 9 Fas31234 + 9° Fsa3123 + 02 Fa241235 + 9 F251034 + 02 F3432512 + 9> Fazas123
+ ¢ Fs3o4103 + 9° Fi343212 — 9F2123543 — 93212354 — 9F3543212 — 9F4321235
— aFs321234 — 9Fsa32123 + (—a° — )Fssa123 + (aF + 6°)Fassatos + (aF + 0P Faosazio
+(=a° — )Fassasto + (—° + a)Fa3a3521 + (—a° + 6)Fas34321 + (—a° + 9)F3054321 + F1a35432
Azo = a®E1o3s432 — 9 E1234352 — 9° E1253432 — 9° E1325432 + 9" E1235034 + 9 E1243523
+q*Er3oa3s2 + " Ersanase — (6% — 0®)Ero03543 — 0 Eroasazs — 0 Ea1aazss — 0> Eatasasa
— ¢ Ex143503 — 9 153423 — 9° 2354213 — 9° E3214352 — 9 3215342 — 9 E4321532
— ¢ Es321432 + 9° 2350134 + 92 2435213 + 92 E3a3501 + 97 Esapaz21 — 9E23a3501 — 9E2534321
— Espsa321 + (60 — @)Ep123543 + (4" + 6°)Er1aazsa + (a° + 0%)Errzsas

4, 2 4 2 5
+(a" +q7)E2153432 + (@ + q7)E3p15432 + (=9 — 9)E2135432 + E2354321,
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3 3 3 3 3 3
A21 = —q F12341235 + 9" F12354312 — 4 F12534123 + 9" F13212354 — 9" F13253412 + 9~ F13543212
3 3 3 3 3 3
+ 97 F14321235 — 9 F14325312 + 9” F15321234 + G F15432123 + 9~ F21235431 — 9~ F21352341
3 3 3 4., 2 4 2
— 9" F21435231 — 97 F32143521 — G F53214321 — (47 + a")F12035431 — (9 + 97)F11235432
42 42, 42, 42
(a7 +9")F12352341 + (@ + a7)F12354123 + (97 + a7)F12435231 + (9" + 97)F13243521
4. 2 4., 2 4., 2 4., 2
+(a" +9")F15324321 + (47 +a7)F21343521 + (97 + a7)Fo1534321 + (a7 + 07)F32154321
2 2 2.2 2 .2
— a(q” + 1)"F1a343521 — a(a” + 1) F12534321 — 9(q” + 1)" F13254321

2
+ 1)F12354321

— ala® + ¢ + DFo13saz01 + (° + a* + g
Ay = — ¢ E; 3E, 3E, 3E, 3E, =
22 = —q E12341235 + 7 E12354312 — 9" E12534123 + 7 E13212354 — G E13253412 + 9 E13543212

3 3 3 3 3 3

+ 97 E14321235 — 9" E14325312 + G E15321234 + 9" E15432123 + 9” E21235431 — 9 E21352341
3 3 3 4., 2 4, 2

— 9 E»1435231 — 9" E32143521 — 97 E53214321 — (@ + 67)E12035431 — (47 + 07)E11235432
4. 2 4, 2 4, 2 4, 2

+(a" +9")E12350341 + (9 + a7)E12354103 + (47 + 07)E12435031 + (9 + a7)E13243521
4, 2 4, 2 4, 2 4, 2

+(a" +9")E15324321 + (97 +a7)Ep1343501 + (9 + 07)E21534321 + (97 + 97)E32154321

2.2 2,42 2,42
— a(q” + 1)"E12343521 — a(q” + 1)“E12534321 — a(9” + 1) E13254321

4 2 6, 4 2
—a(g" +q° +1)Ex354321 +(a° +4a +9° +1)E12354321,
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Azg = 4" Fiosss — a°Fi2435 — 9> Fizs3s — 9> Fisoss — 9> F21354 + 9 Flasas + 9° Fla32s + 9° Fisaos
+4°Fo1435 + 4 Fa1s34 + 9° F32154 — 9F1s432 — 9Fa1543 — aFa321s — 9Fs3214 + Foazal

Ass = 6" Easzz1 — a°Eagsar — > Easas1 — 9 Easata — 9°Eszan1 + a°Eaasar + 92 Eazss1 + 9° Eazsi
+ a°Egs123 + 92 Esp3a1 + °Esaa1z — 9E23451 — 9Eaas12 — aEa1235 — 951234 + E12345

Ags = q>Fiags — 4 Fioss — °Fi35 — 9°Fa135 + 9Fis32 + aFa1s3 + 9Fs215 — Fo3o1

Azg = 6> Eszo1 — a°Easo1 — 9 Esp31 — 9 Esa1a + Fo3s1 + F3s12 + aFsi23 — Eio3s

Agz = q°Fi23543 — 9 Fi23435 — ' Fi25343 — 4" F213543 + 9 F132435 + 9 F132534 + 9 Flazos3 + a° Fis3243
+6°Fa13a3s + 4 Fa15343 — 9°F13a305 — 9°F153432 — 9°F31435 — 9 F321534 — 9°Fa30153
— ¢ Fa32143 + aF135a32 + Faa321s + aFs3a321 + (a0 + 0)F321503 + (—a* — 6°)F132543 — Fasazzl

Agg = ¢ Essazor — a” Essaziz — (6 — a*)Eaazsor — (a° — 0°)Esa301 + 0> Esan3sy + 9 E3so3a1 + 4° Eazsos
+ q Egaao31 — 9 E3p35a1 — 97 E341235 — 9 Eas1234 — 4 Ea3a3s1 — 9 E435123 — 9°E532341
— ¢ Esaa103 — 4 Esa3as1 + 9E235431 + 9E312354 + 9Ea31235 + 9E531034 + 9543123

3 3 3 4_ 2
+ (a7 — q)Ezazs12 + (97 — 9)Es34312 + (47 + 9)E354123 + (—q" — 9" )E3s54231 — E123543,
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Central Element

and,

Azg = a®F1o3s432 — 0 Fio3a3s2 — " Flzsaasz — 9" Fiazsasz + 0" Fi23s234 + 0" Fioazszs + ' Fi324352
+ " Fis32a32 — (0" — a))F1203503 — 9 Fro3saos — 9 Fa13a23s — 9°F2135234 — 9°F2143523 — 9° F2153423
- q3F2354213 - G3F3214352 - 43F3215342 - q3F4321532 - F5321432 + q2F2352134 + q2F2435213
+ ® Fapg3s01 + 9 Fipa301 — 9F2343521 — dF2534321 — 9F3psa301 + (40 — @)F2123543 + (a* + 0°)F2134352
+(a* + a)Fo13sa03 + (a* + a®)Fa1s3432 + (a° + aP)Fao15a32 + (—@° — @)Fo135a32 + Fo3sazan

Aso = ¢®Exzsazz1 + 0" Epzazsiz + 0 Easaasiz + (a° — a)Enssazar + (6 — ¢¥)Eaazsasr — (¢ — 07)Eazzsan
+(a* — a))Espa3501 + (6 — 0%)Es304321 — 0 En3ano35 — 9 En3s1234 — 0 Ea35123 — 9 E2534123

— ¢®E3o43512 — 9 E3253412 — 9 E4325312 — 9° Es324312 + 92312354 + 9° 2431235 + 9° E2531234

+ 6° Exsa3123 + 92 E341035 + 9° Eaos1234 + 9° E3432512 + 92 Ea3a5123 + 0° Es324123 + 9° Es343212

— aFp103543 — 9E3212354 — 9E3543212 — 9E4321235 — 9E5321234 — 9432123 + (—9° — 9)E3254123

+(a* + a))Exzsa103 + (a* + 6%)Espsa310 + (—a° — @)Ezsazin + (—a° + )Erzazson + (—a° + @)Es3aznl

+(—d° + a)E3psa3a1 + Elo35a32s
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Central Element

and,

3 2 2 2
A3l = q Fa301 — 9" F3a21 — 9" F4231 — 9" Fa312 + 9F2341 + 9F3412 + 9Fa123 — F1234

3 2 2 2
A32 = q E1234 — 4" E1243 — 9" E1324 — " Ep134 + qE1432 + 9E2143 + 9E3214 — E4321-

This element acts as g°° + q® + ¢* + ¢> + 2 + % + % + % + ﬁ times
the identity in the fundamental representation of Ug(5010).
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So It Goes...

From the Central Element to Type D ASEP




Type D ASEP
0®@00000000000

Coproduct of the central element

Let C € U,(s010) denote the central element.

Recall that A(C) € Uy(s010) ® Uq(s010). Also recall that in the
fundamental representation, elements of U, (s010) act as 10 x 10 matrices.

Thus, we can view A(C) as a 100 x 100 matrix. Call this H.
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Structure of H

With the right choice of basis, H is a direct sum of one 10 x 10 block,
forty 2 x 2 blocks, and ten 1 x 1 blocks:

[ 10 x 10 T
2 %2

2% 2

1x1

1x1
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Quantum Hamiltonian

All of the 1 x 1 blocks have entry
1 1 1 1
N=g2++a*" +P+2+ 5+ + <+ 5.
? g ¢ q

Define the quantum Hamiltonian

H=H-NA-Id.
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From H to a Markov process

The method to get to a Markov process is from [CGRS16]:
Find eigenvectors go, . . ., gx of H with eigenvalue 0, called the
ground state vectors.
For each i, let G; be the diagonal matrix given by the entries of g;.
Define a matrix L; by removing rows and columns from Gfll:IG;
until all off-diagonal entries are non-negative.

Then each L; is the generator of a Markov process!
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1 x 1 block

The 1 x 1 blocks of H are all (0). Thus, the corresponding block in the
generator matrix will be Ly,; = (0).
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2 X 2 block

The 2 x 2 blocks are

1 1 2 1
—q0+2¢° - ¢~ 5+ % — o
(¢-1)"(a*+1)

qll q q8 q10

which have eigenvector (q , and conjugating by the corresponding

1

diagonal matrix (g (1)> results in
q172n+q2n71
Lasa = r? 1—2n* 2n—1 ¢ J
q(g "+ q*") *

where the * entries are chosen so the rows sum to zero.
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10 x 10 block

Let
Blzfq5+3q3—3q+%f% %f%,
B= -2 +4q-2+4 -3 +3 -4,
2 41

Bi=q"°-2¢°+¢°-2¢* +4 - % + s -

Then the 10 x 10 block is UT + D+ U, ...
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10 x 10 block

.. Where
[0 Bi gB1 ¢°Bi ¢°Bi B3 q°Bi ¢°B1 ¢'Bi ¢°Bi]
0 0 ¢*Bi ¢°B q*B1 B Bs ¢°Bi ¢°B1 q*B;
0 0 0 q'Bi ¢°B1 gB B Bs ¢°Bi q°B
0 0 0 0 ¢°B1 ¢*°B; gB, B> Bs q¢°B
U= 0 0 0 0 0 q3 83 q2 B2 qBQ 82 B3
o 0 0 0 0 0 0 q6 Bz q5 B2 q4Bz q3 B2
00 0 0 0 0 0 ¢B B B
00 0 0 0 0 0 0 B gB
0 0 0 0 0 0 0 0 0 B,
oo o o o0 o0 0 0 0 0|
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10 x 10 block

and D is the diagonal matrix with entries

10 8 6 4 2 1 2 3 1
—q +2¢" —q —q +3¢° =3+ %5 — = + =5
{ 2 g TE T2
2 4 3 2 1
R et
q q q q q
4 2 2 1
7q10+q8+2q6—3q4+q27 il o
@ B g q
4 2 1 2 1
=290 45" — 4l 4t — 24 5 - S-S -
@ ¢ P# g q
212 1
—? 2l =P 2P S - S -
q q q q
301 1 2 1
7q12+3q87246+4273+—27—47—6+—873,
q q q q q
3 3 2 2 1
7q12+2q10—3q8+4q672q4+1772+74776+787%,
@ ot @ P& q
13 2 1 1
—q12+2q10—q8—2q6+4q4—2q2+7—74+76+—8—T0,
@ ¢ ¢ & g
14 5 2
2420 =P 2t el — 2 - - — = -
q q q q

2 1 2 1
ql2 010 L 8 g2 14 _ +777}1
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10 x 10 block

This has four linearly independent eigenvectors

0 0 0 —q?
0 0 —q? q
0 —q? q 0
Y q 0 0
q 0 0 0
8o = 0 , 81 = 0 , 82 = 0 , 83 = 1
0 0 -1 q
0 -1 q 0
-1 q 0 0
q 0 0 0

These give four choices of ground state vector.
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10 x 10 block

For each 6 = 0,1, 2,3, conjugate the Hamiltonian by Gg, remove any
rows containing oo and any columns containing O to obtain a 4 x 4
matrix Ls. These are of the form

2
an—27q2n—4+q% (7q17n+qn71) NI
n— n—

* q —q + %
20 P qzz

I‘2 q—26 (q2n _ 22 +2) N g=2n _ @2=2n (_ql—n +qn71)

?
2 .
2 (—qt—n +qn—l) 2q% + 2—2n _ g4—2n . 420 (2q2 Lg—an q4—2n)
2
2N _ 22 4, (_ql—n i qnfl) 428 (qun _ 2 +2) N

where the * entries are chosen so the rows sum to zero.
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Combining the blocks

Taking the direct sum of one copy of Ls, four copies of Ly, and four
copies of Lyx1 yields in the generator matrix for the two-site Type D
ASEP with parameters (g, 5,0)!



Duality
@0000

Duality: The Invisible String




Duality
(o] Telele]

Self-duality

Definition

Let £ be the generator matrix of a Markov process M with state space
X. Let D: X x X — R be a function. Let D be the matrix whose rows
and columns are indexed by X and whose (x, y) entry is D(x, y).

If
LD=DLT,

then M is self-dual with respect to the duality function D.
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Additional definitions

Define the g-Pochhammer symbol for a € R, m € N as

k—1

(a:q) = [ (1 - ag),

i=0

define the g-hypergeometric function 27 as

a,b = (29)k(b; @)k Z*
::Z( 9)k(b: q)

. —~  (aak (@9

and define the g-Krawtchouk polynomials as

—X —n

97%.q
Kn(a™p,ciq) =201 1 q,pq
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Motivation

We wish to prove the following theorem from [BBKUZ22] for general n:

Theorem

The Type D ASEP with n = 2,3, § = 0 is self~-dual with respect to the
self-duality function

Dtl)_q,a2(777§) = Dél(nhfl) . Déz('r]2,§2)

where
L

DL, (&sm) = IT Ko (472 p(&im1), 1. 0P)
x=1
and

—2( N (=N i>+2 -2
plx(flanl) = Oél-_lq ( —1(&) x+1(77) X .
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The proof of the original theorem inducted on the number of lattice sites.
The inductive step did not rely on n, so it remains to verify the base case
of two sites.

We directly verified that LD = DLT using Python.
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Would've, Could’'ve, Should've

(Future Directions)
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Future directions

Use the same process on Uy(5012).

Generalize to Uy (502n).

Use the same process on Ug(s06), but with a different representation.
Apply this process to the exceptional Lie algebra of type Eg.

Use the methods of [ZGB91], which uses universal R-matrices to
find a different central element.
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